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ChE-402: Diffusion and Mass Transfer 

Lecture 13
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Intended Learning Outcome

 To analyze diffusion of ions under applied electric field using the Nernst-Plank 
equation. 

To analyze the effect of ion charge on diffusion.
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Exercise problem

Can the flux of an ion decrease if one increases the electric field ?

A. No, flux will always increase. 
B. Flux is not a function of electric field. 
C. Can decrease in some cases. 
D. Flux will always decrease when electric field is increased.
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Exercise problem
An ion is moving in a liquid under applied chemical potential gradient (concentration difference) 
and electric field. What would NOT determine its velocity?

A. Viscosity of the liquid. 
B. Ion size 
C. Diffusivity of a neutral molecule that is also dissolved in the liquid. 
D. Ion charge
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Coupled diffusion of ions in dilute solution

vi = − ui(∇μi + ziF ∇ψ)

ui = representation of ion mobility =
1

6πηr
=

1
f

zi = charge on ion

F = Faraday constant = eNA

∇ψ = electrostatic potential gradient
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Coupled diffusion of ions in dilute solution

vi = − ui(∇μi + ziF ∇ψ) μi = μi,0 + RT ln
Pi

P

μi = μi,0 + RT ln
ci

c

∇μi = RT ∇ln ci =
RT
ci

∇ci⇒ vi = − ui( RT
ci

∇ci + ziF ∇ψ)

⇒ civi = − uiRT(∇ci + zici
F ∇ψ
RT )

Ni = civi

In the absence of convective flux  
(dilute solution)
Ji = Ni = civi⇒ Ji = − uiRT(∇ci + zici

F ∇ψ
RT )
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Coupled diffusion of ions in dilute solution

⇒ Ji = − uiRT(∇ci + zici
F ∇ψ
RT )

ui = ion mobility =
1

6πηr
=

1
f

uiRT =
RT

6πηr
=

RT
f

= Di

⇒ Ji = − Di(∇ci + zici
F ∇ψ
RT )

Nernst-Plank Equation 
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Exercise problem
NaCl (ionized form Na+, Cl-) is diffusing in a liquid under applied chemical potential gradient 
(concentration difference) and electric field. You decided to remove electric field (voltage). Will the 
measured current become zero ?

A. Yes, current will be zero as there is no electric field. 
B. Current may not be zero 
C. Current does not depend on electric field. 
D. None of the above.
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Case of strong 1:1 electrolyte (for example NaCl)
Although the concentrations of ions may vary through the solutions, the concentrations and 
the concentration gradients of anions and cations are equal everywhere because of 
electroneutrality.

Species 1: cation Species 2: anion

c1 = c2

∇c1 = ∇c2

When a current density i is maintained,     J1 − J2 =
i

|z |

z =1 for Na+, and -1 for Cl-

i is positive when it flows  
from positive to negative electrode    

J1 = − D1(∇c1 + |z |c1
F ∇ψ
RT )

Applying Nernst-Plank equation for cations and anions 

J2 = − D2(∇c2 − |z |c2
F ∇ψ
RT )

J1 ≠ J2
Ji = − Di(∇ci + zici

F ∇ψ
RT )
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J1 − J2 =
i

|z |
J1 = − D1(∇c1 + |z |c1

F ∇ψ
RT ) J2 = − D2(∇c2 − |z |c2

F ∇ψ
RT )

⇒
i

|z |
= (D2 ∇c2 − D1 ∇c1) − (D1c1 + D2c2) |z |

F ∇ψ
RT

⇒ J1 = − D1(∇c1 − c1

i
|z |

− (D2 ∇c2 − D1 ∇c1)

(D1c1 + D2c2) )

|z |
F ∇ψ
RT

= −
i

|z |
− (D2 ∇c2 − D1 ∇c1)

(D1c1 + D2c2)

We can now try to remove the electrostatic potential in the flux equation 

Current is not zero when the electrostatic potential is zero

Electrostatic potential is not 
zero when i=0

Case of strong 1:1 electrolyte (for example NaCl)
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J1 = − D1(∇c1 − c1

i
|z |

− (D2 ∇c2 − D1 ∇c1)

(D1c1 + D2c2) )

⇒ J1 = − D1(
∇c1(D1c1 + D2c2) − c1

i
|z |

+ c1(D2 ∇c2 − D1 ∇c1)

(D1c1 + D2c2) )

⇒ J1 = − D1(
D2 ∇c1 − i

|z |
+ D2 ∇c1

D1 + D2 )

⇒ J1 = − [ 2D1D2

D1 + D2 ]∇c1 + [ D1

D1 + D2 ] i
|z |

Case of strong 1:1 electrolyte (for example NaCl)
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Limit 1: i = 0 Limit 2: solution is well mixed

J1 = − [ 2
1/D1 + 1/D2 ] ∇c1

J1 = − [ 2D1D2

D1 + D2 ]∇c1 + [ D1

D1 + D2 ] i
|z |

J1 = − [ 2D1D2

D1 + D2 ]∇c1

Slow moving species will dominate transport

Also, J1 = J2

Fast moving ion will mainly carry current

J1 ≠ J2

J1 = [ D1

D1 + D2 ] i
|z |

= t1
i

|z |

J2 = [ D2

D1 + D2 ] −i
|z |

= t2
−i
|z |

ti is called transference numberJ1 = − Deff ∇c1

J2 = − [ 2D1D2

D1 + D2 ]∇c2 + [ D2

D1 + D2 ] −i
|z |

Case of strong 1:1 electrolyte (for example NaCl)
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z1 ∇c1 = − z2 ∇c2

We can apply the Nernst-Planck equation, and equate flux to current to find new equation

z1c1 = − z2c2

⇒ J1 = − [ D1D2(z2
1c1 + z2

2c2)
(D1z2

1c1 + D2z2
2c2) ]∇c1 + [ D1z1c1

(D1z2
1c1 + D2z2

2c2) ]i

J1 = − [ 2D1D2

D1 + D2 ]∇c1 + [ D1

D1 + D2 ] i
|z |

Reduces to our previous result when |z1 | = |z2 |

Ji = − Di(∇ci + zici
F ∇ψ
RT ) z1J1 + z2J2 = i

cT = 1M, CaCl2 c1 = 1M Ca+2 c2 = 2M Cl-1

z1 = 2 z2 = − 1

Case of strong non 1:1 electrolyte (for example 
CaCl2)
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z1J1 + z2J2 = i

J1 = − D1(∇c1 + z1c1
F ∇ψ
RT ) J2 = − D2(∇c2 + z2c2

F ∇ψ
RT )

⇒ i = − (z2D2 ∇c2 + z1D1 ∇c1) − (z2
1 D1c1 + z2

2 D2c2)
F ∇ψ
RT

F ∇ψ
RT

= −
i + (z2D2 ∇c2 + z1D1 ∇c1)

(z2
1 D1c1 + z2

2 D2c2)

We can now try to remove the electrostatic potential in the flux equation 

⇒ J1 = − D1(∇c1 − z1c1
i + (z2D2 ∇c2 + z1D1 ∇c1)

(z2
1 D1c1 + z2

2 D2c2) )

Proof:
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J1 = − D1(∇c1 − z1c1
i + (z2D2 ∇c2 + z1D1 ∇c1)

(z2
1 D1c1 + z2

2 D2c2) )

⇒ J1 = − D1( z2
2 D2c2 ∇c1 − z1c1 i − z1z2D2c1 ∇c2

(z2
1 D1c1 + z2

2 D2c2) )

⇒ J1 = − D1( (z2
1 D1c1 + z2

2 D2c2)∇c1 − z1c1 i − z1c1(z2D2 ∇c2 + z1D1 ∇c1)
(z2

1 D1c1 + z2
2 D2c2) )

⇒ J1 = − [ D1D2(z2
1c1 + z2

2c2)
(D1z2

1c1 + D2z2
2c2) ]∇c1 + [ D1z1c1

(D1z2
1c1 + D2z2

2c2)) ]i

z1 ∇c1 = − z2 ∇c2

z1c1 = − z2c2

⇒ J1 = − D1( z2
2 D2c2 ∇c1 − z1c1 i + z2

1 D2c1 ∇c1

(z2
1 D1c1 + z2

2 D2c2) )

Proof:
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J1 = − [ D1D2(z2
1c1 + z2

2c2)
(D1z2

1c1 + D2z2
2c2) ]∇c1 + [ D1z1c1

(D1z2
1c1 + D2z2

2c2) ]i

When i = 0
J1 = − [ D1D2(z2

1c1 + z2
2c2)

(D1z2
1c1 + D2z2

2c2) ]∇c1 ⇒ J1 = − [ (z2
1c1 + z2

2c2)

( z2
1c1

D2
+

z2
2c2

D1 ) ]∇c1

Total electrolyte flux = JT = J1/ |z2 | = J2/ |z1 |

Total electrolyte concentration = cT = c1/ |z2 | = c2/ |z1 |

cT = 1M, CaCl2

c1 = 1M Ca+2 c2 = 2M Cl-1

|z1 | = 2 |z2 | = 1

⇒ JT = − [ ( |z1 | + |z2 | )

( |z1 |
D2

+ |z2 |
D1 ) ]∇cT

Slow moving species is likely to dominate transport 
If fast species has lower charge, it can reduce the domination of slow species. 

Case of strong non 1:1 electrolyte (for example 
CaCl2)
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J1 = − [ D1D2(z2
1c1 + z2

2c2)
(D1z2

1c1 + D2z2
2c2) ]∇c1 + [ D1z1c1

(D1z2
1c1 + D2z2

2c2) ]i

Well-mixed case

Fast moving species is likely to carry current

J1 = [ D1z1c1

(D1z2
1c1 + D2z2

2c2) ]i

Case of strong non 1:1 electrolyte (for example 
CaCl2)
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Exercise Problem 1
Calculate the effective diffusion coefficient for HCl in water at 25 ºC, neglecting i

Calculate the transference number for proton and Cl- ion
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Exercise problem 2
Calculate the diffusion coefficient for 0.001 M LaCl3 in water at 25 ºC in the absence of a current flow.
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Exercise problem 3
Calculate the diffusion coefficient for La+3 at 25 ºC in absence of current when we also have 1 M 
NaCl in addition to 0.001 M LaCl3. Assume negligible interaction of Na+ with La+.


